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In situations such as phase ordering or non-equilibrium critical dynamics, the two-time autoresponse
function scales as R(t, s) ≈ s−1−aF2(t/s), where a is a known exponent. For any value of the
dynamical exponent z, we argue that this dynamical scaling can be extended towards conformal
invariance. Thus the scaling function F2 is determined. This prediction is conrmed by several
examples, both for T < Tc and at T = Tc: the two- and three-dimensional kinetic Ising model with
Glauber dynamics is studied numerically, while exact results are available for the kinetic spherical
model with a non-conserved order parameter, both for short-ranged and long-ranged interactions,
as well as for the mean-eld spherical spin glass.
PACS numbers: 05.40.-a, 64.60.-i, 75.40.Gb, 75.50.Lk
Consider a ferromagnetic spin model, evolving at a
xed temperature T from a disordered initial state.
The non-equilibrium aging behaviour of such a model
is known to be more fully revealed by two-time quan-
tities, such as the two-time correlation function C(t; s)
and response function R(t; s) of the local order parame-
ter, where s is the waiting time and t the observation
time, than by one-time quantities, such as the mean
energy (see [1,2] for reviews). In the high-temperature
phase (T > Tc), the system relaxes rapidly to equi-
librium, where C and R are time-translation invariant,
and related to each other by the fluctuation-dissipation
theorem. In the low-temperature phase (T < Tc), the
system undergoes phase ordering, and both C and R
depend non-trivially on the ratio x = t=s in the self-
similar domain-growth regime [3]. Similar aging features
are also observed in the late stages of critical dynam-
ics (T = Tc). The distance from equilibrium (where
X(t; s) = 1) of an aging system is characterized by the
fluctuation-dissipation ratio [4,1,2]






While there is no known general principle to predict
the form of correlation and response functions in ag-
ing systems, results are available from explicit model
studies. Based on exact results for the 1D Ising model
with Glauber dynamics [5,6] and the kinetic spherical
model [7], a general description of the scaling of the au-
tocorrelation and autoresponse functions has been pro-
posed, and tested numerically in the 2D Glauber-Ising
model [7]. More specically,







where  is the order parameter eld and h is the con-
jugate local magnetic eld. Consider a scalar non-
conserved order parameter. At criticality (T = Tc), z
is known from equilibrium critical dynamics, and c(s) 
s−a, with a = 2=(z), where  and  are the static crit-
ical exponents. In the phase-ordering regime (T < Tc),
the dynamical exponent is z = 2, and c(s) ! M2eq as
s ! 1, where Meq is the spontaneous magnetization.
There does not appear to exist a simple expression for
the exponent a for T < Tc. For the Glauber-Ising model,
one has a = 1=2 [5], while for the d-dimensional spherical
model a = d=2 − 1 [7]. Finally, for x  1, the scaling
functions F and F2 are known to fall o as [5,7]
F (x)  F2(x)  x−λ/z ; (3)
where  is the autocorrelation exponent [8].
At present, there is no theory which would allow to cal-
culate C(t; s) in a model-independent way, although ap-
proximate theories for the calculation of non-equilibrium
correlators have been proposed [3]. On the other hand,
for an equilibrium critical point (where z = 1), scale in-
variance can be extended to conformal invariance [9{11].
Scale invariance implies that correlators transform co-
variantly under dilatations, that is, scale transformations
which are spatially uniform. Conformal transformations
are local scale transformations with a position-dependent
dilatation factor b = b(~r ), but such that angles are con-
served. This is already enough to x the form of an equi-
librium correlator at criticality in any space dimension.
In addition, 2D conformal invariance yields exact values
for the entire set of critical exponents, the exact form of
all n-point correlators, a classication of the universal-
ity classes, and much more [12] (see [10,11] for reviews).
Is a similar extension of the scale invariance of (2) also
available for non-equilibrium systems exhibiting aging?
Indeed, we shall present evidence that this might be
so. First, we argue [13] that the two-time response func-
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tion R(t; s) should transform covariantly under the action
of conformal transformations in time. Consequently, it
must have the form (r0 is a normalization constant)
R(t; s) = r0 (t=s)1+a−λ/z(t− s)−1−a;
i.e., F2(x) = r0 x1+a−λ/z(x− 1)−1−a: (4)
We shall corroborate Eq. (4) by numerical simulations in
the 2D and 3D Ising model with Glauber dynamics. In
addition, exact results in the kinetic spherical model with
a non-conserved order parameter (including the possibil-
ity of spatially long-ranged interactions and/or quenched
disorder) also reproduce Eq. (4) [7,14{18].
The agreement of the scaling form (4) with model re-
sults provides, for the rst time, evidence for conformal
invariance in nonequilibrium and aging phenomena. This
explicit form of R(t; s) is the main result of this Letter.
We now sketch the line of reasoning leading to the re-
sult (4). The full calculation will be given elsewhere [13].
To begin, we ask: what space-time symmetries are con-
sistent with dynamical scale invariance t ! bzt, ~r ! b~r,
where z is the dynamical exponent [19,13]? A similar
question has already been successfully raised for equilib-
rium systems with strongly anisotropic scaling [19,20].
While in equilibrium systems the correlation functions
(of quasiprimary elds [12]) are expected to transform
in a simple way, for non-equilibrium systems it is rather
the response functions which will take this role, as ar-
gued long ago in the context of critical dynamics [21].
We expect the requested extension of dynamical scaling
to contain the Mo¨bius transformations of time: t 7! t0 =
(t + )=(γt + ), with  − γ = 1, since these occur
in the two known special cases, namely conformal invari-
ance for z = 1 and Schro¨dinger invariance for z = 2. It
turns out that this condition is already sucient to x
the form of the innitesimal generators. In one space di-
mension, to which we restrict for notational simplicity, it
can be shown that for non-equilibrium systems one may
write [13]
X−1 = −@t; X0 = −t@t − (1=z)r@r;
X1 = −t2@t − (2=z)tr@r − r2@2−zr ; (5)
where  is a constant related to \mass" [19,13]. The gen-
erators Xn satisfy the commutation relations [Xn; Xm] =
(n−m)Xn+m (with n; m 2 f−1; 0; 1g) of the Lie algebra
of the conformal group.
Eq. (5) forms the basis for the derivation of (4). Time
translations are generated by X−1. In order to make the
above construction applicable to non-equilibrium situa-
tions, we must discard the latter, and only require co-
variance under the subalgebra S generated by X0 and
X1 (see [16]). It is clear from the explicit form of the
generators that the initial line t = 0 is invariant under
the action of S.
Now, we consider a general response function G =
h1(t1; r1)˜(t2; r2)i (see (2)), where the eld 1 is char-
acterized by its scaling dimension x1 and \mass" 1, and
the response eld ˜2 (see e.g. [9]) has scaling dimension
x2 and \mass" 2. Then the covariance of G under the
local scale transformations in S is expressed by the con-
ditions [13]
X0G = (1 + 2)G; X1G = (21t1 + 22t2)G; (6)
where i = xi=z (i = 1; 2). In addition, we require spatial
translation invariance, thus G = G(t1; t2; r1 − r2). It is
easy to see that this invariance can be satised provided
that 1 + (−1)2−z2 = 0 [13]. We can now set r =
r1 − r2 = 0 and obtain the autoresponse function G =
G(t1; t2; 0) = R(t1; t2). Then the generators (5) reduce
to the standard conformal generators (see e.g. [10{12]).
R satises the dierential equations
[t@t + s@s + 1 + 2] R(t; s) = 0;[
t2@t + s2@s + 21t + 22s
]
R(t; s) = 0; (7)
with the solution R(t; s) = r0(t=s)ζ2−ζ1(t − s)−ζ1−ζ2 ,
which can be brought into the scaling form (2). A com-
parison with the asymptotic behaviour (3) of the scaling
function F2(x) then yields the nal result (4).
We point out that (4) holds independently of the value
of the dynamical exponent z, and that the space dimen-
sion only enters through the values of the exponents a; 
and z.
We now test Eq. (4) by comparing it with the results of
some model systems. We begin with a numerical investi-
gation of the kinetic Ising model. We consider square or
cubic lattices, with periodic boundary conditions. The
Hamiltonian is H = −J ∑(i,j) sisj, where the sum runs
over pairs of nearest-neighbour sites (i; j) and si = 1.
Glauber or heat-bath dynamics [22] is realized through
the stochastic rule si(t) ! si(t + 1) such that
si(t + 1) = 1 with prob. 12 (1 tanh(hi(t)=T )): (8)
The local eld acting on si is hi(t) =
∑
j(i)sj(t), where
j(i) denotes the nearest neighbours of the site i.
Because the instantaneous response function R(t; s) is
too noisy to be measured in a simulation, we consider
instead the integrated response function [23,7]
(t; s) = T
∫ s
0
du R(t; u)  (T=h)MTRM(t; s); (9)
where MTRM(t; s) is the thermoremanent magnetization,
that is the magnetization of the system at observation
time t obtained after applying locally a small magnetic
eld h, between the initial time t = 0 and the waiting
time t = s. This quantity can be readily measured, ei-
ther in simulations or in experiments. The method ex-
posed in [23,7] has been used to compute the integrated
response. The data shown in Figures 1 and 2 result from
averaging over at least 1000 dierent realizations of sys-
tems with 300 300 spins in 2D and 50 50 50 spins
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in 3D. Larger systems were also simulated, in order to
check for nite-size eects. Table I contains some param-
eters which are used in the subsequent analysis.
Figure 1 displays our results for (t; s) at criticality.
From Eq. (2) we expect a data collapse if sa(t; s) is
plotted against x = t=s, and we indeed see this to be
the case. Having thus conrmed the expected scaling,
we can compare with the prediction (4). Adjusting the
normalization constant r0, we nd a complete agreement
between our numerical data and the conformal invariance
prediction.
In the same way, Figure 2 shows our results in 2D and
3D for a xed temperature below Tc. We expect that
s1/2(t; s) only depends on x. This is indeed the case
in 3D, but for 2D the situation is more complicated. In
fact, analytical calculations of the response function in
the ordered phase in the spirit of the OJK approximation
show the presence of extra logarithmic factors: (t; s) 
s−1/2 ln s f(t=s) [24]. Combining this result with the
‘naive’ scaling   s−1/2, we therefore make the ansatz
(t; s)  s−1/2 (r0 + r1 ln s)E(t=s); (10)
where r0; r1 are non-universal constants and E(x) is a
scaling function. It is apparent from Figure 2(a) that we
obtain a satisfactory scaling in this way. We have checked
that the same scaling form holds for (t; s) in the entire
2D low-temperature phase, where r0; r1 depend on T .
Finally, we can compare the form of the scaling func-
tion E(x) with the conformal invariance prediction (4).
Again, we nd complete agreement.
We now turn to a test of Eq. (4) in the context of the
exactly solvable ferromagnetic spherical model on a lat-
tice [7]. The same model can alternatively be described
in terms of a continuum eld theory [14,15]. The exact
solution yields the autoresponse function in d > 2 spa-
tial dimensions R(t; s)  (4s)−d/2F2(x). The scaling
function is, in the ordered phase (T < Tc) [15,7],
F2(x) = xd/4(x− 1)−d/2; (11)
and at the critical point (T = Tc) [14,7]
F2(x) =
{
x1−d/4(x − 1)−d/2 (2 < d < 4);
(x− 1)−d/2 (4 < d): (12)
These expressions are in complete agreement with our
conformal invariance prediction (4).
The spherical model has the peculiarity that the dy-
namical exponent z = 2 throughout. In that case, the
response functions are expected to transform covariantly
under the Schro¨dinger group (where z = 2) [16]. The full
space-time dependent response reads〈
(t; ~r1 )˜(s; ~r2 )
〉








with R(t; s) given by (4), and where the \mass" M is a
constant (in Eq. (5),  = M=2 for z = 2). A comparison
with the exact spherical model results, both at and below
Tc [14,15], also permits to conrm this fully [16,11].
Recently, autocorrelation and response functions in the
spherical model with long-range interactions of the form
J(~r )  j~r j−d−σ have been calculated [17]. For d > 2 and
 > 2 one recovers the spherical model with short-ranged
interactions treated above. On the other hand, for either
d > 2 and 0 <  < 2 or else d  2 and 0 <  < d, there
is also a phase transition, and the dynamical exponent
z =  below criticality. The exact autoresponse function
is for T < Tc [17]
R(t; s)  r0 (t=s)d/2σ(t− s)−d/σ; (14)
which agrees again with the conformal invariance pre-
diction (4). This example illustrates that spatially long-
ranged interactions need not destroy conformal invari-
ance in non-equilibrium situations, in contrast to the sit-
uation of conformal invariance at equilibrium.
Finally, for the mean-eld spherical spin glass [18], the
response function reads, in the low-temperature aging
regime, R(t; s)  (t=s)3/4(t − s)−3/2. This result also
conrms the prediction (4). Furthermore, it hints at the
possibility that (4) might be valid for a more general
class of glassy systems, including quenched disorder. The
above scaling law coincides with (11) for d = 3. There is
indeed a similarity between the 3D spherical ferromagnet
and the mean-eld spherical spin glass, due to the resem-
blance of the density of modes in both instances [25].
In conclusion, the dynamical scale invariance realized
in non-equilibrium aging phenomena apparently general-
izes towards (a subgroup of) conformal invariance. As a
rst consequence, we obtained the explicit expression (4)
for the two-time response function R(t; s) whose func-
tional form only depends on the values of the scaling di-
mensions of the elds which enter R. The resulting scal-
ing function could be reproduced in the aging regime of
several classical spin systems with a non-conserved order
parameter. It appears that the conditions for the appli-
cability of conformal invariance in aging (in particular on
the value of z and the presence of spatially long-ranged
interactions) are less restrictive than for conformal in-
variance at equilibrium critical points.
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TABLE I. Some parameters of the Glauber-Ising model.
In 2D, Tc = 2/ ln(1 +
√
2) exactly. It is mentioned whether
exponents hold for the phase-ordering regime (T < Tc, i.e.,
T = 0 xed point), or for critical dynamics (T = Tc).
2D 3D
Tc 2.2692 4.5115
z T = 0 2 2
T = Tc 2.17 2.04
λ T = 0 1.25 1.50
T = Tc 1.59 2.78
β/ν T = Tc 1/8 0.517



































FIG. 1. Scaling of the integrated response function ρ for
(a) the 2D and (b) the 3D Glauber-Ising model at criticality
(T = Tc). The symbols correspond to dierent waiting times.
The full curve is the conformal invariance prediction for ρ,
obtained by integrating (4).




































FIG. 2. Scaling of the integrated response function ρ for the
low-temperature Glauber-Ising model (a) in 2D at T = 1.5
and (b) in 3D at T = 3. The symbols correspond to dierent
waiting times. The full curve is obtained by integrating (4).
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